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a b s t r a c t
We introduce a new concept of exceptional family—H-exceptional family for a variational
inequality problem (VIP) defined by a continuous function on a Euclidean space; and give
the related existence theorems for the solution to the (VIP).
© 2009 Elsevier Ltd. All rights reserved.
1. Introduction
Let F : RN → RN be a continuous function and K a closed convex subset of RN . We consider the variational inequality
problem (VIP): find x ∈ K such that
〈F(x), y− x〉 ≥ 0, ∀ y ∈ K .
It is equivalent to find x in RN such that−F(x) ∈ NK (x) or equivalently,
x− piK (x− F(x)) = 0,
where piK denotes the projection from RN to K . It is known that such x exists if K is compact. For this reason, we consider the
case for K is unbounded. In recent years, [1,2] introduced respectively the concepts of exceptional sequence and exceptional
family to study the existence conditions of nonlinear complementarity problems. [3,4] extended the concept to study the
existence conditions of VIP and generalized the results in [1,2]. [5–7] gave various new concepts of exceptional family which
generalized respectively that in [8,3,9], which helped us to find the sufficient condition of F for the existence of the solution
to VIP. In [10], the authors gave a concept of α-exceptional family which generalized the concepts introduced in [5–7],
but this generalization is formal. In this paper, we give a new concept of H-exceptional family which generalizes all the
above concepts and establish the relationship between them. This new concept will provide us more tools to investigate the
solution of the VIP.
2. Exceptional family and the existence theorems
In the following, we denote the closure and the boundary of a set D respectively by D¯ and ∂D. Denote the open ball in RN
centred by 0 with radius ρ > 0 by Bρ . Denote the normal cone by NK (x) of K at x ∈ K . In this section, we introduce the new
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concepts: H-exceptional family and (ϕ, φ,ψ)-exceptional family. In terms of these concepts, we give the corresponding
existence theorems of the solution for VIP.
Definition 2.1. A continuous functionH : RN×[0, 1] → RN is said to be anH-function if it satisfies the following properties:
(1) there exists x¯ ∈ RN such that H(x¯, 1) = 0;
(2) for any x ∈ RN , there exists yx ∈ RN such that
H(x, 0) = yx − piK (yx − F(yx)).
A net (xρ, tρ)ρ>0 in RN × (0, 1)with
∥∥xρ∥∥ = ρ is said to be an H- exceptional family (or an exceptional family generated by
H) for F if for the H-function H and large ρ > 0, one has
H(xρ, tρ) = 0. (2.1)
In order to show the corresponding existence theorems of the solution for VIP, we need the following lemmas, the first
and second of three Lemmas on topological degree are taken from [5] and the third from [11]:
Lemma 2.1. Let D be a nonempty bounded open subset of RN and H : D¯× [0, 1] → RN be a continuous function. If y ∈ RN and
y 6∈ {H(x, t); x ∈ ∂D, t ∈ [0, 1]}, then the topological degree deg(H(·, t),D, y) is a constant for any t ∈ [0, 1].
Lemma 2.2. Let D be a nonempty bounded open subset of RN and f : D¯→ RN be a continuous function. If y ∈ RN , y 6∈ f (∂D)
and deg(f ,D, y) 6= 0, then the equation f (x) = y has a solution in D.
Lemma 2.3. Let D be a nonempty bounded open subset of RN and f : D¯→ RN be a continuous and injective function. For every
y ∈ f (D), |deg(f ,D, y)| = 1.
Theorem 2.1. Let H : RN × [0, 1] → RN be an H-function such that H(·, 1) is injective. Let x¯ ∈ RN . If VIP has no solution, then
for any ρ > ‖x¯‖ there exist (xρ, tρ) ∈ ∂ B¯ρ × (0, 1) and yρ ∈ RN such that
H(xρ, tρ) = 0 and − F(yρ)+ H(xρ, 0) ∈ NK (yρ − H(xρ, 0)).
Proof. Since the VIP has no solution,
H(x, 0) 6= 0, ∀x ∈ RN . (2.2)
In fact, if there exists x ∈ RN such that
H(x, 0) = 0,
then by the property (2) in Definition 2.1 of the map H , we have yx ∈ RN such that
piK (yx − F(yx)) = yx ∈ K ,
which implies a contradiction that yx is a solution of VIP. By the property (1) in Definition 2.1 of the map H , there exists
x¯ ∈ RN such that
H(x¯, 1) = 0. (2.3)
Now we show that for any ρ > ‖x¯‖ there exists (xρ, tρ) ∈ ∂ B¯ρ × (0, 1] such that
H(xρ, tρ) = 0.
If this is not the case, then together with (2.2)
0 6∈ {H(x, t); x ∈ ∂Bρ, t ∈ [0, 1]}. (2.4)
Since H(·, 1) is injective and 0 ∈ H(Bρ, 1) (by (2.3) and ρ > ‖x¯‖), by Lemma 2.3 we get
∣∣deg(H(·, 1), Bρ, 0)∣∣ = 1. Then it
follows from Lemma 2.1 and (2.4) that∣∣deg(H(·, 0), Bρ, 0)∣∣ = ∣∣deg(H(·, 1), Bρ, 0)∣∣ = 1.
Thus, by (2.4) and Lemma 2.2 there exists x0 ∈ Bρ such that
0 = H(x0, 0),
which contradicts with (2.2). Hence, there exists (xρ, tρ) ∈ ∂ B¯ρ × (0, 1] such that
H(xρ, tρ) = 0.
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If tρ = 1, then H(x¯, 1) = H(xρ, 1) which implies that x¯ = xρ since H(·, 1) is injective. But this is impossible since
‖x¯‖ < ρ = ∥∥xρ∥∥. Hence,
(xρ, tρ) ∈ ∂ B¯ρ × (0, 1).
On the other hand, for xρ , by the property (2) of the map H there exists yρ ∈ RN such that
H(xρ, 0) = yρ − piK (yρ − F(yρ)),
which implies that
−F(yρ)+ H(xρ, 0) ∈ NK (yρ − H(xρ, 0)). 
Let ϕ, φ,ψ : RN × [0, 1] → RN be three continuous functions and x¯ ∈ RN . Define H : RN × [0, 1] → RN by
H(x, t) := ϕ(x, t)− piK ((t − 1)F(φ(x, t))+ ϕ(x, t)+ ψ(x, t)). (2.5)
Definition 2.2. Suppose that the function H defined as in (2.5) is an H-function. If (xρ, tρ)ρ>0 is an exceptional family
generated by such H then we call it an (ϕ, φ,ψ)- exceptional family (or an exceptional family generated by the triple
(ϕ, φ,ψ)).
Clearly, if (xρ, tρ)ρ>0 is an (ϕ, φ,ψ)-exceptional family, then it must be H-exceptional family, where H is defined by
(2.5).
Theorem 2.2. Let x¯ ∈ RN and H be defined as in (2.5). Assume that
(1) H(x¯, 1) = 0;
(2) H(x, 0) = ϕ(x, 0)− piK (ϕ(x, 0)− F(ϕ(x, 0)));
(3) H(·, 1) is injective.
If VIP has no solution, then there exists an (ϕ, φ,ψ)-exceptional family
{(xρ, tρ); (xρ, tρ) ∈ ∂ B¯ρ × (0, 1),∀ρ > ‖x¯‖}
for F with respect to x¯ such that
−F(φ(xρ, tρ))+ ψ(xρ, tρ)1− tρ ∈ NK (ϕ(xρ, tρ)).
Remark 2.1. It is easy to see that if the triple (ϕ, φ,ψ) is chosen to be such that
ϕ(x¯, 1) ∈ K and ϕ(x, 0) = φ(x, 0), ψ(x¯, 1) = ψ(x, 0) = 0, ∀x ∈ RN , (2.6)
then such H satisfies the properties (1) and (2), that is, H is an H-function.
Proof. By the conditions (1) and (2) the function H is an H-function. By (3) it follows from Theorem 2.1 that there exists
(xρ, tρ) ∈ ∂ B¯ρ × (0, 1),∀ρ > ‖x¯‖ such that
H(xρ, tρ) = 0,
which implies that
(tρ − 1)F(φ(xρ, tρ))+ ψ(xρ, tρ) ∈ NK (ϕ(xρ, tρ)),
that is,
− F(φ(xρ, tρ))+ ψ(xρ, tρ)1− tρ ∈ NK (ϕ(xρ, tρ)).  (2.7)
We consider now under what conditions such H(·, 1) is injective on RN .
Lemma 2.4. Assume that the continuous function ϕ : RN × [0, 1] → RN satisfies one of the following conditions:
(i) ϕ(x, 1)+ ψ(x, 1) ∈ K for each x ∈ RN and ψ(·, 1) is injective on RN .
(ii) for any x 6= y,
‖ϕ(x, 1)− ϕ(y, 1)‖ > ‖ϕ(x, 1)+ ψ(x, 1)− ϕ(y, 1)− ψ(y, 1)‖ .
Then H(·, 1) defined by (2.5) is injective on RN .
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Proof. For each x ∈ RN , by (2.5)
H(x, 1) = ϕ(x, 1)− piK (ϕ(x, 1)+ ψ(x, 1)). (2.8)
(i) Since ϕ(x, 1)+ ψ(x, 1) ∈ K ,H(x, 1) = ψ(x, 1) is injective on RN by the assumption.
(ii) Let x, y ∈ RN with x 6= y. Then
‖H(x, 1)− H(y, 1)‖ = ‖ϕ(x, 1)− piK (ϕ(x, 1)+ ψ(x, 1))− ϕ(y, 1)+ piK (ϕ(y, 1)+ ψ(y, 1))‖
≥ ‖ϕ(x, 1)− ϕ(y, 1)‖ − ‖piK (ϕ(x, 1)+ ψ(x, 1))− piK (ϕ(y, 1)+ ψ(y, 1))‖
≥ ‖ϕ(x, 1)− ϕ(y, 1)‖ − ‖ϕ(x, 1)+ ψ(x, 1)− ϕ(y, 1)− ψ(y, 1)‖
> 0,
which implies that H(·, 1) is injective. 
In virtue of Theorem 2.2 and Lemma 2.4, we can choose different triple (ϕ, φ,ψ) to obtain various (ϕ, φ,ψ)-exceptional
families.
3. Examples
The following Examples show that Theorem 2.2 generalizes Theorem 3.1 in [10], Theorem 1.1 in [6], Theorem 2.1 in [5]
and Theorem 3.1 in [7].
Example 1. Suppose that VIP has no solution. Let x¯, w ∈ K andα1 ≥ 0, α2 ∈ [0, 1). The functionsϕ, φ,ψ : RN×[0, 1] → RN
are defined respectively by
ϕ(x, t) := (1+ α1t)x− (1+ α1)tx¯+ (1− α2)tw
1− α2t ,
φ(x, t) := x and ψ(x, t) := t(x¯− x). Then




(t − 1)F(x)+ (1+ α1t)x− (1+ α1)tx¯+ (1− α2)tw




‖ϕ(x, 1)− ϕ(y, 1)‖ =
∥∥∥∥ 11− α2 [(1+ α1)(x− y)]
∥∥∥∥
>
∥∥∥∥ 11− α2 [(1+ α1)(x− y)] + y− x
∥∥∥∥
= ‖ϕ(x, 1)+ ψ(x, 1)− ϕ(y, 1)− ψ(y, 1)‖ ,
by Lemma 2.4 H(·, 1) is injective on RN . Note that (1) H(x¯, 1) = w − piK (w) = 0 since w ∈ K and (2) H(x, 0) =
x− piK (x− F(x)). It follows from Theorem 2.2 that there exists an (ϕ, φ,ψ)-exceptional family
{(xρ, tρ); (xρ, tρ) ∈ ∂ B¯ρ × (0, 1),∀ρ > ‖x¯‖}
for F with respect to x¯ such that
−F(xρ)+ tρ(x¯− xρ)1− tρ ∈ NK
(




(i) Let α3 ∈ R be such that
1+ α1 − α3
1− α2 x¯ ∈ K (for example, α3 = α1 + α2).
Letw = 1+α1−α31−α2 x¯. Then ϕ(x, t) = ϕ3(x, t) :=
(1+α1t)x−α3tx¯
1−α2t and we have (ϕ3, φ, ψ)-exceptional family
{(xρ, tρ); (xρ, tρ) ∈ ∂ B¯ρ × (0, 1),∀ρ > ‖x¯‖}
for F with respect to x¯ such that
−F(xρ)+ tρ(x¯− xρ)1− tρ ∈ NK
(




which is the exceptional family considered in [10].
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(ii) Let α1 = α2 = 0 andw = x¯. Then ϕ(x, t) = ϕ0(x, t) := x and we have an (ϕ0, φ, ψ)-exceptional family such that
−F(xρ)+ tρ(x¯− xρ)1− tρ ∈ NK (xρ),
which is the exceptional family considered in [7].
(iii) Assume that 2x¯ ∈ K . Let α1 = 1, α2 = 0 andw = 2x¯. Then ϕ(x, t) = ϕ2(x, t) := (1+ t)x and there is an (ϕ2, φ, ψ)-
exceptional family such that
−F(xρ)+ tρ(x¯− xρ)1− tρ ∈ NK ((1+ tρ)xρ),
which is the exceptional family considered in [5].
Example 2. Suppose that VIP has no solution. Let x¯ ∈ K and α ∈ [0, 1]. Let ϕ, φ,ψα : RN × [0, 1] → RN be defined
respectively by ϕ(x, t) := x, φ(x, t) := (1− t)x+ tx¯ and ψα(x, t) := t(1− αt)(x¯− x). Then
Hα(x, t) = ϕ(x, t)− piK ((t − 1)F(φ(x, t))+ ϕ(x, t)+ ψα(x, t))
= x− piK ((t − 1)F((1− t)x+ tx¯)+ x+ t(1− αt)(x¯− x)),
and (1) Hα(x¯, 1) = 0, (2) Hα(x, 0) = x−piK (x− F(x)). This shows that Hα is an H-function for each α ∈ [0, 1]. Suppose that
α ∈ [0, 1). For any x 6= y,
‖ϕ(x, 1)− ϕ(y, 1)‖ = ‖x− y‖
> (1− (1− α)) ‖x− y‖
= ‖ϕ(x, 1)+ ψα(x, 1)− ϕ(y, 1)− ψα(y, 1)‖ .
Thus, it follows from part (ii) of Lemma 2.4 and Theorem 2.2 that there exists an (ϕ, φ,ψα)-exceptional family




ρ ) = xαρ − piK ((tαρ − 1)F((1− tαρ )xαρ + tαρ x¯)+ xαρ + tαρ (1− αtαρ )(x¯− xαρ))
= 0, ∀ρ > ‖x¯‖ (3.1)
and
− F((1− tαρ )xαρ + tαρ x¯)+
tαρ (1− αtαρ )(x¯− xαρ)
1− tαρ
∈ NK (xαρ), ∀ρ > ‖x¯‖ . (3.2)
In the following, we show that there exists an (ϕ, φ,ψ1)-exceptional family. Note that
∥∥xαρ∥∥ = ρ,∀ρ > ‖x¯‖ ,∀α ∈ [0, 1).
For each ρ > ‖x¯‖, one can take a cluster point (xρ, tρ) in the set
{(xαρ, tαρ ); (xαρ, tαρ ) ∈ ∂ B¯ρ × (0, 1),∀α ∈ [0, 1)}.














= xρ − piK ((tρ − 1)F((1− tρ)xρ + tρ x¯)+ xρ + tρ(1− tρ)(x¯− xρ))
= H1(xρ, tρ). (3.3)
Clearly,
∥∥xρ∥∥ = ρ,∀ρ > ‖x¯‖. In order to show (xρ, tρ)ρ>‖x¯‖ is an (ϕ, φ,ψ1)- exceptional family, it is sufficient to show
0 < tρ < 1. Assume tρ = 0. Then (3.3) becomes
xρ − piK (−F(xρ)+ xρ) = 0,
which induces a contradiction that xρ is the solution of VIP. Assume tρ = 1. By (3.2),〈
F((1− tαρ )xαρ + tαρ x¯)−




≥ 0, ∀y ∈ K ,∀ρ > ‖x¯‖ .
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Take y = x¯ in the above inequality, we obtain
〈F((1− tαρ )xαρ + tαρ x¯), x¯− xαρ〉 ≥




∥∥x¯− xαρ∥∥2 , ∀ρ > ‖x¯‖ . (3.4)
Taking limits in both sides of (3.4), we get
〈F(x¯), x¯− xρ〉 ≥
∥∥x¯− xρ∥∥2 .
But this is impossible for large ρ > ‖x¯‖ . Hence, 0 < tρ < 1. Thus, (3.3) implies that there exists an (ϕ, φ,ψ1)-exceptional
family
{(xρ, tρ); (xρ, tρ) ∈ ∂ B¯ρ × (0, 1),∀ρ > ‖x¯‖}
such that
−F((1− tρ)xρ + tρ x¯)+ tρ(x¯− xρ) ∈ NK (xρ),
which is the exceptional family considered in [6].
We give a corollary as an application of Theorem 2.2.
Corollary 3.1. Let x¯ ∈ K . Define the continuous functions ϕ,ψ : RN × [0, 1] → RN with ϕ(x¯, 1) = x¯ ∈ K and
ψ(x, t) = −t ‖x− x¯‖ F(ϕ(x, t)). Let the function φ = ϕ. Define the function G : RN × [0, 1] → RN by
G(x, t) := ϕ(x, t)− piK [(t − 1)F(φ(x, t))+ ϕ(x, t)+ ψ(x, t)].
If
‖ϕ(x, 1)− ϕ(y, 1)‖ > ‖ϕ(x, 1)+ ψ(x, 1)− ϕ(y, 1)− ψ(y, 1)‖
= ‖ϕ(x, 1)− ϕ(y, 1)− ‖x− x¯‖ F(ϕ(x, t))+ ‖y− x¯‖ F(ϕ(y, 1))‖ , (3.5)
then VIP has a solution.
Proof. Since φ = ϕ, then
G(x, t) = ϕ(x, t)− piK [(t − 1)F(ϕ(x, t))+ ϕ(x, t)+ ψ(x, t)].
By the assumptions
G(x¯, 1) = x¯− piK (x¯) = 0,
and
G(x, 0) = ϕ(x, 0)− piK (ϕ(x, 0)− F(ϕ(x, 0))).
Therefore,G is anH-function. By the assumption (3.5) it follows fromLemma2.4 thatG(·, 1) is injective. If VIP has no solution,
then by Theorem 2.2 there exists an (ϕ, φ,ψ)-exceptional family
{(xρ, tρ); (xρ, tρ) ∈ ∂ B¯ρ × (0, 1),∀ρ > ‖x¯‖}
for F with respect to x¯ such that
−F(ϕ(xρ, tρ))+ ψ(xρ, tρ)1− tρ ∈ NK (ϕ(xρ, tρ)),
that is,
−F(ϕ(xρ, tρ))− tρ
∥∥xρ − x¯∥∥ F(ϕ(xρ, tρ))








∈ NK (ϕ(xρ, tρ)),
and so
−F(ϕ(xρ, tρ)) ∈ NK (ϕ(xρ, tρ)),
that is, VIP has a solution ϕ(xρ, tρ) for each ρ > 0. This is a contradiction. 
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